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Abstract 

We introduce hermiticity as a new symmetry and show that when starting with a model which 
is Hermitian in the classical level, quantum corrections can break hermiticity while the theory stay 
physically acceptable. To show this, we calculated the effective potential of the {gcf)^ +h(f)^) ij^i model 
up to first order in g and h couplings which is sufficient as the region of interest has finite correlation 
length for which mean field calculation may suffice. We show that, in the literature, there is a 
skipped phase of the theory due to the wrong believe that the theory in the broken hermiticity 
phase is unphysical. However, in view of recent discoveries of the reality of the spectrum of the 
non-Hermitian but PT symmetric theories, in the broken hermiticity phase the theory possesses 
PT symmetry and thus physically acceptable. In fact, ignoring this phase will lead to violation 
of universality when comparing this model predictions with other models in the same class of 
universality. 
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ass of non-Hermitian Hamil 
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Q and efforts are 



growing to solve the problems concerning their statistical interpretation ( they have negative 
norm) and unitarity of the time evolution operator. The solution of such problems can be 
achieved via two approaches. The first approach, due to Bender et.al , is to replace the bra 
in the Dirac convention by a CPT bra such that the new inner product takes the form 1^ 

{A\B)cPT = iCPT\A)f\B), 

which replaces the conventional Dirac bracket {A\B) = \A)''\B). The operator C is deter- 
mined dynamically and in most cases perturbatively. This approach succeeded in correcting 
the the negative norm problem and the unitarity of the time evolution operator and thus 
leads to the conservation of the probability density. 



The other approach, due to A. Mostafazadeh p/7|, searches for a similarity transforma- 
tion which has the job of transforming the non-Hermitian Hamiltonian operator H into a 
Hermitian operator h, where h = rj'^Hr]. Again, the determination of the operator r] can be 
obtained perturbatively in most cases. 

After the solution of the most challenging problems in non-Hermitian theories ( ghosts 
and unitarity), people are trying to revisit old models which previously was rejected. For 
instance, a class of simple but non-trivial quantum mechanical models are given by 



H = p'^ + {ixf , e > 0. (1) 

All such models have real and positive spectra even in the case of e = 2. In fact, all the 
complex PT symmetric Hamiltonians are believed to have real and positive spectra [Q]. For 
such theories to be acceptable, an inner product is redefined in such a way to overcome 
the existence of ghost states ( states with negative norm). For a complex non-Hermitian 
Hamiltonian having an unbroken PT symmetry, a linear operator C that commutes with 
both H and PT can be constructed. The inner product with respect to CPT conjugation 
satisfies the requirements for the theory defined by H to have a Hilbert space with a positive 
norm and to be a consistent unitary theory of quantum mechanics. 

Another model for which PT symmetric non-Hermitian formulation saved its validity is 
the Lee model which was introduced in the 1950s as an elementary quantum field theory 
in which mass, wave function, and charge renormalization could be carried out exactly. In 
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early studies of this model it was found that there is a critical value of ^ the square of the 
renormalized coupling constant, above which the square of the unrenormalized coupling 
constant, is negative. Thus, for larger than this critical value, the Hamiltonian of the Lee 
model becomes non-Hermitian. It was also discovered that in this non-Hermitian regime a 
new state appears whose norm is negative. This state is called a ghost state. It has always 
been assumed that in this ghost regime the Lee model is an unacceptable quantum theory 
because unitarity appears to be violated. However, in this regime while the Hamiltonian is 
not Hermitian, it does possess PT symmetry. Again, the construction of an inner product 
via the construction of a linear operator C saves the theory from physical unacceptability 



221. 



We mentioned above two different algorithms by which non-Hermiticity appears. In the 
first one ( Eq.([T])), we started by a classical non-Hermitian models and mentioned that 
they are physically acceptable. In the second one, the Lee model, the quantum corrections 
breaks the Hermiticity down while the system stays physically acceptable. In view of these 
two examples, one may ask if Hermiticity itself can be taken as a symmetry which can be 
broken or restored by the quantum corrections?. In this letter, we try to answer this question 
via the investigation of the phase structure of the (^k/)^ + scalar field model which can 
show up both breaking and restoration of the Hermiticity due to quantum corrections. This 
model is believed to be Hermitian however, we will show that this is not the case for some 
couplings values. For these values, the ((70^ + model has similar problems concerning 
non-hermiticity and negative norm sates, wich can be cured through the prediction of the 
C operator which is out of the scope of this letter . The authors of Ref. 18|] named the ghost 
solutions of this model as spurns solutions because in some regions of the phase plan ( Fig{T]) 
the Hamiltonian becomes non-Hermitian. Again, as in the early studies of the Lee model, 
it is claimed that the theory in the regime of spurns solutions is physically unacceptable. 
However, although the theory is non-Hermitian in the presence of spurns solutions, it is 
PT symmetric and thus represent a physically acceptable model. In fact, ignoring some 
phases of this theory has it's draw back on the conclusions drawn to chiral symmetry phase 
transition. This is because the ((^0^ + theory is believed to be in the same class of 
universality with 3 fiavors QCD near the Chiral phase transition [l^. Thus it is certainly 
important to investigate carefully the content of the phase structure of this model supported 
by the new formulation of quantum theory which respects PT symmetry in the same way 
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we respected hermiticity before. 

Now, consider the Hamiltonian density, normal-ordered with respect to the mass m; 

if = iV^ Q ((V0)2 + vr^ + m'cP') + + h<P^^ . (2) 

Here, we introduce a new symmetry into physics. The above model is invariant under the 
operation H —>■ W . Let us write Eq.(I2]) in a normal-ordered form with respect to the mass 
M = t ■ m, using the following relations: 

Nm^' = Nm^' + A, 

A^^^=^ = Nm"^^ + 3ANm^, 

Nm"^^ = A^M*' + 6AiVM^' + 

Nmi^'' = iVM^' + IOANm^^ + ISA^^, 

iV^^s = Nm^J^ + I^ANm^J* + 45A27/;2 + 15 A3. 

Accordingly, after the application of the canonical transformation 

(0,7r)-.(^ + i?,n), (3) 

we can write the Hamiltonian as 

H = Ho + Hi + Hi + E, (4) 

where 



Also 



^0 = Nm Q (H^ + (V^)^) + ImV^) 



Hi = ^ [m^ - + 12g [B^ + A) + 30h [B^ + 6AB'^ + SA^)) i/j^' 
+ (m^ + Ag {B^ + 3 A) + 6h {B^ + lOAB^ + ISA^)) Btp, 



(5) 



Hj = gNM{^p' + ^B^') (6) 
+ hNM (^^ + QBiIj^ + (15A + 1552) + (605A + 205^) ij^) (7) 



and 



E=^{m^ + 12gA) + {g + 15/iA) B'^ + 15h {SAB^ + A^) A 
+ hB^ + — [M^ - m^) + 3c/A2 + Im^A. 



(8) 
(9) 



Since E serves as the generating 
renormalization conditions given by 



unctional for all the IPI amplitudes, it satisfies the 



Qn 



E{b,t,G)=gr, 



where gn are the ■0"' coupling. For instance, 



dE 
dB 



0, 



d'^E 
dB^ 



The first condition enforces to be zero and thus 



(10) 



(11) 



- (m^ -M^ + 12g [B^ + A) + 30/i (S^ + GAB^ + ?,A^)) = 0, 



(m^ + Ag (S^ + 3A) + Qh [B^ + +IOA52 + ISA^)) S = 0. 



The use of the dimensionless parameters t 
leads to the following results 



M2 



G 
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and 6^ = 4^52, 



(1-^ + 12^ (fe^-lnt) +30// (6^-6&Mnt + 3(lnt)^)) = 0, 
(1 + 4^ {I? -3lnt)+6H {b^ - lObHnf + 15 (Int)^)) b = 0. 



(12) 



Also the energy density takes the form 



E 



m 
Stt 



1 + G{b^- 126^ In t + 3^ (In tf) - 15H In t {b^ - 36^ In t + (In tf) 
+Hb^ + ^{t-l-\nt) 



(13) 



For some specific values of G and H, one solves Eq. f[T2|) to get the value of b and t. Thus, 
as t chosen to be greater than zero, the solutions determine the parameters at the minima 
of the energy density. 

Fortunately, the equation set in Eq. (|T2l) coincides with the prediction of GEP calculations 



in Ref. 



2l[ | and the Oscillator Representation method in Ref. 18|| . The region of applicability 



of the theory in terms of the parameters G and H is analyzed in Ref. 



2lj with the PT 



symmetric phase is totally ignored while in Ref. 18| the authors claimed that it is unphysical. 
In fact, although the Hamiltonian is non-Hermitian in the phase of imaginary condensate it 
does possess a PT symmetry and thus having a real spectrum. 

For regions in the coupling space far a way from the second order phase transition, it 
is well known that the theory has a finite correlation length ( non-zero mass parameter). 
Accordingly, even mean field calculations suffices to describe the theory 19|| for the region 
around the PT symmetric phase. Thus, the equations obtained from normal-ordered effec- 
tive potential ( it is up to first order quantum corrections in G and H) can be considered 
reliable for the region of interest. 

By solving Eq fll2p . one can obtain the phase diagram of the theory 18|]. In FiglH we 
realize that the theory possesses Z2 and H ( hermiticity) symmetries in the shadowed area. 
In the loop sandwiched in the shadowed area, both symmetries are broken ( imaginary 
condensate). However, if we look at the Hamiltonian form in Eq.Q, imaginary condensates 
turns the theory non-Hermitian and PT symmetric as well. Accordingly, the theory in this 
region is physically acceptable as it is believed to have real eigen values. In fact, in our 
calculations, the first state in the spectrum ( the effective potential) is real and thus agree 
with the Bender's conjecture that PT symmetric theories have real eigen values. Outside 
the shadowed area and the loop, the H symmetry is restored and Z2 stay broken. 

For the calculations of different amplitudes which represent physical quantities one has to 
resort to Benders convention for the inner products which in turn demands the calculation 
of C operator for the theory under investigation and try to find the new Feynman rules. 
In fact, this will teak a substantial amount of time and it naturally becomes a topic of our 
future work. 

In conclusion, we introduced a novel symmetry in physics, the H symmetry, and showed 
that it can be broken and restored due to the quantum corrections. Also, among the novelty 
of this letter, we showed that the {gcj)'^ + h(j)^) theory has a previously missed phase which 
we explain that it is physically acceptable as the theory is PT symmetric though it has 
imaginary condensate and thus non-Hermitian. The importance of exploring this phase is 
that, the ((^^^ + hcf)^) theory is believed to be in the same class of universality with 3 flavors 
QCD near the Chiral phase transition and without that phase wrong conclusions may be 
drawn concerning universality classes. 
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FIG. 1: The domain of symmetric 5 = solutions in G, H parameter space (shadowed area) and 



the broken Z2 { b ^ and imaginary) and H symmetry phases (the loop) taken from Ref. [18 1 
where G = g/m? and H = h/m?. Outside the shadowed as well as the loop areas, Z2 is broken 
(6 ^ 0) while H symmetry is restored. 
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